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3KDVH�GLDJUDP�IRU�MDPPHG�V\VWHPV
3KLOLSSH�&RXVVRW���:LP�YDQ�6DDUORRV��� DQG�'DQLHO�%RQQ�

��/DERUDWRLUH�GHV�0DWpULDX[�HW�GHV�6WUXFWXUHV�GX�*pQLH�&LYLO��&KDPSV�VXU�0DUQH��)UDQFH�/DERUDWRLUH�GH�3K\VLTXH�6WDWLVWLTXH��(FROH�1RUPDOH�6XSpULHXUH�����5XH�/KRPRQG�������3DULV�FHGH[�����)UDQFH�,QVWLWXXW�/RUHQW]��8QLYHUVLWHLW�/HLGHQ��3RVWEXV������������5$�/HLGHQ��7KH�1HWKHUODQGV

$EVWUDFW
-DPPHG� V\VWHPV� VXFK� DV� FROORLGDO� SDVWHV�� JHOV�� JUDQXODU� PDWHULDOV�� HWF�� XQGHUJR� D� YLVFRVLW\�ELIXUFDWLRQ�DW�D�FULWLFDO�VWUHVV��GHSHQGLQJ�RQ�WKH�VWUHVV�OHYHO��WKH�VWHDG\�VWDWH�YLVFRVLW\�LV�HLWKHU�ILQLWH�DQG� ORZ��RU� �DOPRVW�� LQILQLWH��7KLV� LPSOLHV� WKDW�EHORZ�D�FULWLFDO� VKHDU� UDWH�� WKH� IORZV�DUH�XQVWDEOH��8QGHU�FRQWUROOHG�IORZ�UDWH�WKLV�OHDGV�WR�D�FRH[LVWHQFH�RI µVROLG¶�DQG�µOLTXLG¶�SKDVHV��L�H���SKDVHV�ZLWK�LQILQLWH� DQG� ILQLWH� YLVFRVLW\�� ,W� IROORZV� WKDW� WKH� VWUHVV�VKHDU� UDWH� GLDJUDP� IRU� MDPPHG� V\VWHPV� LV�DQDORJRXV� WR� WKH� 9DQ� GHU� :DDOV� SKDVH� GLDJUDP� GHWHUPLQLQJ� SKDVH� FRH[LVWHQFH� IRU� VLPSOH�VXEVWDQFHV�LQ�WKHUPRG\QDPLF�HTXLOLEULXP��VKRZLQJ�WKDW�WKH�µMDPPLQJ�WUDQVLWLRQ¶�LQ�WKHVH�V\VWHPV�LV�DQDORJRXV�WR�WKH�SKDVH�VHSDUDWLRQ�DVVRFLDWHG�ZLWK�D�ILUVW�RUGHU�SKDVH�WUDQVLWLRQ��7KLV�PDNHV�D�GLUHFW�FRQQHFWLRQ�WR�WKH�JODVV�WUDQVLWLRQ�GLIILFXOW��
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6\VWHPV� FRQVLVWLQJ� RI� D� PRUH� RU� OHVV� FORVH� SDFNLQJ� RI� HOHPHQWV� RI� PHVRVFRSLF� VL]H� �FROORLGDO�SDUWLFOHV�� JUDLQV�� EXEEOHV�� GURSOHWV�� DUH� IUHTXHQWO\� HQFRXQWHUHG� LQ� HYHU\GD\� OLIH�� LQ� IRRGVWXIIV��FRVPHWLF� DQG� SKDUPDFHXWLFDO� SURGXFWV�� EXW� DOVR� LQ� FLYLO� HQJLQHHULQJ� DQG� QDWXUDO� IORZV�� VSHFLILF�H[DPSOHV�DUH�PD\RQQDLVH��FUHDPV��FRQFUHWH��FOD\H\�VRLOV�� VKDYLQJ�IRDPV�HWF��5HFHQWO\��DQ�DWWHPSW�ZDV� PDGH� WR� GHVFULEH� VXFK� µMDPPHG¶� V\VWHPV� LQ� D� VLQJOH� FRQFHSWXDO� VFKHPH� >�@�� H[WHQGLQJ� D�SUHYLRXV�SURSRVDO�IRU�WKH�DQDORJ\�EHWZHHQ�JODVVHV�DQG�JUDQXODU�PDWWHU�>�@��MDPPHG�V\VWHPV�GR�QRW�IORZ�DQG�DUH�FRQVHTXHQWO\� µJODVV\¶�ZKHUHDV�XQMDPPHG�V\VWHPV�DUH� µOLTXLG¶��7KH�DQDORJ\�ZLWK� WKH�JODVV� WUDQVLWLRQ�FRPHV� IURP� WKH� LGHQWLILFDWLRQ�RI� WKH�EORFNHG�RU� MDPPHG�FRQILJXUDWLRQV�ZLWK� ORFDO�PLQLPD�RI�WKH�IUHH�HQHUJ\�LQ�D FRPSOLFDWHG�HQHUJ\�ODQGVFDSH�ZLWK�PDQ\�PHWDVWDEOH�VWDWHV��*LYHQ�D�GLVWULEXWLRQ� RI� ORFDO� HQHUJ\� PLQLPD� >�@�� WKH� UHVSRQVH� WR� DQ� H[WHUQDO� IRUFLQJ� FDQ� EH� ZRUNHG� RXW�H[SOLFLWO\� >�@�� 7KLV� SURSRVDO� LPSOLFLWO\� DVVXPHV� D� VLPLODULW\� EHWZHHQ� WKH� JODVV� WUDQVLWLRQ� �DV D�IXQFWLRQ�RI�WHPSHUDWXUH��DQG�WKH�PHFKDQLFDO�WUDQVLWLRQ�EHWZHHQ�MDPPHG�DQG�XQMDPPHG�VWDWHV��DV�D�IXQFWLRQ�RI�WKH�DSSOLHG�ORDG��>���@��6XEVHTXHQW�FDOFXODWLRQV�IRU�VSHFLILF�PRGHO�JODVVHV�VXEMHFWHG�WR�DQ�H[WHUQDO�IRUFLQJ�LQGHHG�SURYLGHG�VRPH�HYLGHQFH�IRU�WKLV�>�@��XQGHU�DQ�H[WHUQDO�IRUFLQJ��WKH�JODVV�WUDQVLWLRQ�LV�VKLIWHG�WR�ORZHU�WHPSHUDWXUHV��EXW�LWV�QDWXUH�GRHV�QRW�FKDQJH��
:H�ZLOO� VKRZ�KHUH�KRZHYHU� WKDW�� FRQWUDU\� WR�ZKDW� LV� IRXQG� IRU� WKH�JODVV� WUDQVLWLRQ�� XQGHU�IRUFLQJ�� FRH[LVWHQFH� EHWZHHQ� MDPPHG� DQG� XQMDPPHG� PDWHULDO� LV� REVHUYHG�� XQGHUOLQLQJ� WKH�GLVFRQWLQXRXV QDWXUH�RI� WKH�WUDQVLWLRQ�EHWZHHQ�MDPPHG�DQG�XQMDPPHG�FRQILJXUDWLRQV��,Q�DGGLWLRQ��ZH�VKRZ�WKDW� WKH�DQDORJ�RI�D�SKDVH�GLDJUDP�LQ�WKH��ORDG�GHIRUPDWLRQ�UDWH��SODQH�FDQ�EH�GUDZQ��LQ�ZKLFK� WKH� FRH[LVWHQFH� UHJLRQ� VKULQNV� WR� GLVDSSHDU� DW� D� µFULWLFDO� SRLQW¶�� EH\RQG� ZKLFK� WKH�GLVFRQWLQXLW\� GLVDSSHDUV�� 7KLV� EHDUV� D� VWURQJ� DQDORJ\� WR� HTXLOLEULXP� SKDVH� WUDQVLWLRQV�� WKH�FRH[LVWHQFH� UHJLRQ�FRUUHVSRQGLQJ� WR� WKH�SKDVH� VHSDUDWLRQ�DVVRFLDWHG�ZLWK�D� µYDQ�GHU�:DDOV¶� ORRS��7KH� G\QDPLFDO� SKDVH� GLDJUDP� ZH� REWDLQ� FDQ� SURYLGH� D� XQLILHG� GHVFULSWLRQ� RI� WKH� YHU\� GLIIHUHQW�PDWHULDOV�PHQWLRQHG�DERYH�RQ�WKH�EDVLV�RI�WKHLU�YHU\�VLPLODU�PHFKDQLFDO�SURSHUWLHV��,Q�DGGLWLRQ��ZH�ILQG�WKDW�WKH��IORZ��WHPSHUDWXUH��KLVWRU\�RI�WKHVH�V\VWHPV DUH�FUXFLDO�LQ�GHWHUPLQLQJ�IRU�LQVWDQFH�WKH�ORFDWLRQ�RI�WKH�µFULWLFDO�SRLQW¶��VKRZLQJ�WKDW�WLPH�LV�DQ�DGGLWLRQDO�IDFWRU�WKDW�QHHGV�WR�EH�WDNHQ�LQWR�DFFRXQW��EHLQJ�DEVHQW�IURP�WKH�µMDPPLQJ�SKDVH�GLDJUDP¶�RI�>�@��
-DPPLQJ� DQG� XQMDPPLQJ� DUH� UHODWHG� WR� HYROXWLRQ� RI� WKH� FRQILJXUDWLRQ� RI� WKH�PHVRVFRSLF�HOHPHQWV�FRQVWLWXWLQJ�WKH�PDWHULDO��ZKLFK�LQWHUDFW�YLD�YDULRXV�IRUFHV� WKDW�DUH�V\VWHP�VSHFLILF��+HUH�ZH�FRQVLGHU�V\VWHPV�PDGH�RI�DQ�HQVHPEOH�RI�HOHPHQWV��VROLG�SDUWLFOHV��OLTXLG�GURSOHWV��EXEEOHV��RU�SRO\PHU� FKDLQV�� ZKLFK� LQWHUDFW�� H�J�� E\� FROORLGDO� IRUFHV�� GLUHFW� FRQWDFW� IRUFHV�� HQWDQJOHPHQWV� RU�FURVVOLQNV� EHWZHHQ� SRO\PHU� FKDLQV�� OHDGLQJ� WR� D� FRQWLQXRXV� QHWZRUN� RI� IRUFHV� WKURXJKRXW� WKH�VDPSOH�� 7KH� UHVXOW� RI� WKHVH� LQWHUDFWLRQV� LV� WKDW� DW� D� PDFURVFRSLF� OHYHO� WKH� PDWHULDO� UHVSRQGV�HODVWLFDOO\�WR�D�VPDOO�VWUHVV�DSSOLHG�WR�LW��WKH�V\VWHP�LV�VDLG�WR�H[KLELW�D�\LHOG�VWUHVV�
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:KHQ�VXEPLWWHG�WR�D�VKHDU�VWUHVV��WKH�UHVSRQVH�RI�D�SHUIHFW�\LHOG�VWUHVV�IOXLG�LV�D�VORZ�IORZ�SURYLGHG�WKH�VWUHVV�LV�VOLJKWO\�EH\RQG�WKH�\LHOG�SRLQW��LWV�YLVFRVLW\�GLYHUJHV�LQ�D�FRQWLQXRXV�IDVKLRQ�ZKHQ�WKH�\LHOG�VWUHVV�LV�DSSURDFKHG�IURP�DERYH��,Q�SUDFWLFH��KRZHYHU��ZKHQ�VXEPLWWHG�WR�IORZ��WKH�PLFURVWUXFWXUH�RI�WKH�PDWHULDO�LV�SDUWO\�GHVWUR\HG��JHQHUDOO\�REVHUYHG�DV�D�YLVFRVLW\�WKDW�GHFUHDVHV�LQ�WLPH��µWKL[RWURS\¶���2Q�WKH�RWKHU�KDQG��DW�UHVW�WKH�PLFURVWUXFWXUH�UHIRUPV�RU�HYROYHV�VSRQWDQHRXVO\��WKH� V\VWHPV� DUH� VDLG� WR� DJH�� ([SHULPHQWDOO\�� WKLV� LV� UHSRUWHG� DV� DQ� LQFUHDVH� RI� DQ� DSSDUHQW� \LHOG�VWUHVV� ZLWK� WLPH� >�@�� 7KH� PHFKDQLFDO� EHKDYLRU� RI� WKHVH� V\VWHPV� FRQVHTXHQWO\� UHVXOWV� IURP� WKH�FRPSHWLWLRQ�EHWZHHQ�DJLQJ�DQG�UHMXYHQDWLRQ�E\�WKH�VKHDU�IORZ��
:H�KDYH�VKRZQ�UHFHQWO\�WKDW�WKH�GLUHFW�FRQVHTXHQFH�RI�WKLV�FRPSHWLWLRQ�LV�WKDW�D�ELIXUFDWLRQ�LQ�WKH�UKHRORJLFDO�EHKDYLRU�RFFXUV��IRU�D�JLYHQ�ORDG��WKH�IOXLG�HLWKHU�VWRSV�IORZLQJ��RU�IOXLGLILHV�>�@��$SSO\LQJ�GLIIHUHQW� VWUHVVHV� WR� D� VDPSOH� DQG� IROORZLQJ� WKH�YLVFRVLW\� LQ� WLPH�� LW�ZDV� IRXQG� WKDW� IRU�VWUHVVHV�VPDOOHU�WKDQ�D�FULWLFDO�VWUHVV� FV �� WKH�DJLQJ�ZLQV�RYHU�WKH�WKL[RWURS\��ZKLFK�FDQ�EH�ORRNHG�XSRQ� DV� D� VKHDU� UHMXYHQDWLRQ� >�@��� L�H�� WKH� YLVFRVLW\� LQFUHDVHV� LQ� WLPH� XQWLO� WKH� IORZ� LV� KDOWHG�DOWRJHWKHU�� WKH�VWHDG\�VWDWH�YLVFRVLW\� LV� LQILQLWH��2Q�WKH�RWKHU�KDQG��IRU�D�VWUHVV�RQO\�VOLJKWO\�DERYH�

FV �� WKH�UHMXYHQDWLRQ�µZLQV¶�RYHU�WKH�DJLQJ��$V�D�FRQVHTXHQFH��WKH�YLVFRVLW\�GHFUHDVHV�LQ�WLPH��IRU�ORQJ�WLPHV�LW�UHDFKHV�D��ORZ��VWHDG\�VWDWH�YDOXH� �K ��7KLV�LPSOLHV�WKDW�DW�WKH�FULWLFDO�VWUHVV��WKH�VWHDG\�VWDWH�YLVFRVLW\�MXPSV�GLVFRQWLQXRXVO\ IURP�LQILQLW\ WR�D�ILQLWH�DQG�ORZ�YDOXH�DW� FV ��7KLV�ELIXUFDWLRQ�ZDV�REVHUYHG�IRU�FROORLGDO�JHOV�DQG�JODVVHV��SRO\PHU�JHOV�DQG�PRUH�UHFHQWO\�DOVR�IRDPV��HPXOVLRQ�DQG�JUDQXODU�PDWWHU�>�@��DQG�LV�WKHUHIRUH�EHOLHYHG�WR�EH�JHQHUDO�IRU�µ\LHOG�VWUHVV¶�RU�µMDPPHG¶�IOXLGV��$� GLUHFW� FRQVHTXHQFH� RI� WKH� ELIXUFDWLRQ� LV� WKDW�� LQ� VWHDG\�VWDWH�� D� ZKROH� UDQJH� RI� VKHDU� UDWHV� LV�LQDFFHVVLEOH�WR�WKH�V\VWHP�>�@��
,Q�WKLV�/HWWHU�ZH�DVN�ZKDW�KDSSHQV�ZLWKLQ�WKH�IOXLG�ZKHQ�VXFK�DQ�LQDFFHVVLEOH�VKHDU�UDWH�LV�LPSRVHG�RQ� WKH�V\VWHP��:H�ILQG� WKDW� WKH�FRQVHTXHQFHV�RQ� WKH�IORZ�FKDUDFWHULVWLFV� LQ� WHUPV�RI� WKH�DSSDUHQW�VKHDU�UDWH�FDQ�EH�GHVFULEHG�LQ�D�
SKDVH�GLDJUDP
�LQ�WKH�VWUHVV�VKHDU�UDWH�� JW �� ��SODQH��)LJ�����$V�D�SDUWLFXODU�H[DPSOH�ZH�FRQVLGHU�KHUH�D�FROORLGDO�JHO��D�VROXWLRQ�RI�%HQWRQLWH�ZKLFK�LV�D�ZHDNO\�IORFFXODWHG� FOD\� VXVSHQVLRQ�� WKH� UHVXOWV� DUH�EHOLHYHG� WR�EH�JHQHUDO� DOVR� IRU� WKH�RWKHU� V\VWHPV��)RU�WKLV�V\VWHP��D�YLVFRVLW\�ELIXUFDWLRQ�KDV�EHHQ�REVHUYHG�>�@��7KH�UKHRPHWULFDO�WHVWV�ZHUH�GRQH�ZLWK D�%RKOLQ�&�925�FRQWUROOHG�VWUHVV� UKHRPHWHU�HTXLSSHG�ZLWK�D� �URXJKHQHG��FRQH�DQG�SODWH�JHRPHWU\�������$�ORJDULWKPLFDOO\�LQFUHDVLQJ�VWUHVV�ZDV�DSSOLHG�WR�WKH�PDWHULDOV�VWDUWLQJ�IURP�D�ORZ�YDOXH��7KH�GHWDLOHG�REVHUYDWLRQV�DUH�WKDW��

�� IRU�VXIILFLHQWO\�VPDOO�VKHDU�VWUHVVHV��FRUUHVSRQGLQJ�WR�VPDOO�VKHDU�UDWHV��WKH�PDWHULDO�GRHV�QRW�IORZ�DSSUHFLDEO\��WKH�FULWLFDO�GHIRUPDWLRQ�DW�ZKLFK�WKH�QHWZRUN�EUHDNV�KDV�QRW�EHHQ�UHDFKHG�DQG�DV�D� UHVXOW� LQ� WKLV� UDQJH� WKH�PDWHULDO� LV� HQWLUHO\� LQ�D� 
VROLG
�SKDVH�� WKH�YLVFRVLW\� LV�YHU\�



�

ODUJH�� 7KH� FRUUHVSRQGLQJ� FULWLFDO� VKHDU� UDWH� IRU� WKH� RQVHW� RI� PHDVXUDEOH� IORZ� VHQVLWLYHO\�GHSHQGV� RQ� WKH� IORZ� KLVWRU\�� ERWK� EHFDXVH� RI� LQWULQVLF� PDWHULDO� VWUXFWXUDWLRQ� LQ� WLPH� DQG�EHFDXVH�PRVW�OLNHO\�WKHUH�H[LVWV�LQ�IDFW D�FULWLFDO�GHIRUPDWLRQ�UDWKHU�WKDQ�D�FULWLFDO�VKHDU�UDWH�
�� DW�D�FULWLFDO�VWUHVV�WKHUH�LV�D� 
FRH[LVWHQFH
�SODWHDX��VHH�EHORZ��DVVRFLDWHG�WR�D�ZLGH�UDQJH�RI��DSSDUHQW��VKHDU UDWHV�� LQ�RXU�H[SHULPHQWV� WKH�VKHDU�UDWH�H[WUHPHO\�UDSLGO\� LQFUHDVHV�DW�WKLV�FULWLFDO�VWUHVV�
�� EH\RQG�D� FULWLFDO� VKHDU� UDWH� FJ� WKH�PDWHULDO� LV� HQWLUHO\� OLTXLG� DQG� WKH� VWUHVV� LQFUHDVHV� DV� D�IXQFWLRQ�RI�WKH�DSSDUHQW�VKHDU�UDWH�

8SRQ� LQFUHDVLQJ� WKH� SDUWLFOH� FRQFHQWUDWLRQ�� LQ� )LJ���D�� LW� LV� VKRZQ� WKDW� RQH� SDVVHV� IURP� D�FRQWLQXRXVO\� LQFUHDVLQJ� IORZ� FXUYH� IRU� WKH� ORZHVW� FRQFHQWUDWLRQ� WR� RQH�ZLWK� D� SODWHDX��7KH� VDPH�REVHUYDWLRQV�DUH�PDGH�LI�ZH�FRQVLGHU�GLIIHUHQW�LQLWLDO�GHJUHHV�RI�MDPPLQJ��L�H���GLIIHUHQW�DJHV�RI�WKH�VDPH�V\VWHP��)LJ���E�����<RXQJ���IOXLG�V\VWHPV�GR�QRW�H[KLELW�FRH[LVWHQFH��EXW�ROGHU��PRUH�MDPPHG�V\VWHPV�GR�
7KH�PDLQ�TXHVWLRQ� LV� WKHQ�ZKDW�KDSSHQV�DW� WKH�VWUHVV�SODWHDX��VXFK�D�SODWHDX�LV�XQSK\VLFDO�VLQFH� LW� LPSOLHV� WKDW� IRU� D� JLYHQ� VWUHVV� VHYHUDO� VKHDU� UDWHV� DUH� SRVVLEOH�� DQG� WKDW� FRQVHTXHQWO\� WKH�V\VWHP�KDV�VHYHUDO�YLVFRVLWLHV�DW�WKLV�VWUHVV� :H�WKHUHIRUH�PHDVXUH�WKH�YHORFLW\�SURILOH�RI�WKH�VKHDUHG�IOXLG�LQ�WKH�VWUHVV�SODWHDX��WKHVH�results are obtained in steady state with a cone-and-plate rheometer 

inserted in a magnetic resonance imager (MRI) (see details in [8]). 7KH�NH\�REVHUYDWLRQ�LV�WKDW�IRU�VKHDU� UDWHV� VPDOOHU� WKDQ� D� FULWLFDO� RQH��ZH� REVHUYH� D� FRH[LVWHQFH EHWZHHQ� VKHDUHG� DQG� XQVKHDUHG�PDWHULDO�� Ds can be observed directly from the determination of the velocity profiles (Fig.2). 

Although in a cone-plate geometry the shear stress is constant, the velocity profiles are composed of 

two regions: in the first region (close to the bottom) there is no apparent shear while in the second 

region the fluid is sheared at a large rate. It is worth noting that the effective rate of shear observed 

in MRI tests in the sheared region is about ��V�� , which approximately corresponds to the critical 

shear rate at which the stress starts again increasing with shear rate in the phase diagram (for �� I ); thus our MRI tests effectively prove that no coexistence occurs beyond this apparent 

shear rate.

7KH� VWUHVV�SODWHDX� WKHQ�VLJQDOV�D�G\QDPLF�FRH[LVWHQFH�RI�XQVKHDUHG� �MDPPHG��DQG�VKHDUHG��XQMDPPHG��PDWHULDO��LQ�DQDORJ\�ZLWK WKH�SODWHDX�LQ�WKH�HTXLOLEULXP�SUHVVXUH�YROXPH SKDVH�GLDJUDP�IRU� VLPSOH� IOXLGV��The observed coexistence of a sheared and an unsheared part of the material is 

likely to be a general property of these jammed systems. Indeed, measurements of the velocity 

profile for instance in slowly sheared foams and granular systems typically show a strong 

localization of the strain in a small band close to the moving wall, the rest of the material being 
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essentially undisturbed [9]. 6LPLODU�REVHUYDWLRQV�ZHUH�PDGH� LQ�SDVWHV�� DV�ZDV� VKRZQ� LQ�FRQH�DQG�SODWH�IORZV�RI�VLOLFD�VXVSHQVLRQV�>��@�DQG�WKH�FROORLGDO�JODVV�RI�/DSRQLWH�>��@��+RZHYHU��EHVLGHV�WKH�REVHUYDWLRQ� RI� ORFDOL]DWLRQ�� QR� TXDQWLWDWLYH� VWXG\�ZDV�PDGH�� WKH�ZLGWK� RI� WKH� VKHDUHG� UHJLRQ�� IRU�LQVWDQFH��ZDV�RIWHQ�EHOLHYHG�WR�EH�D�PDWHULDO�SURSHUW\�
7KH�05,� REVHUYDWLRQV� VKRZ� WKDW� IRU� RXU� V\VWHP� VRPHWKLQJ� YHU\� GLIIHUHQW� KDSSHQV�� XSRQ�LQFUHDVLQJ�WKH�URWDWLRQ�YHORFLW\�RI�WKH�FRQH� WKH�ZLGWK�RI�WKH�VKHDUHG�UHJLRQ�LQFUHDVHV �)LJ�����7KLV�PHDQV�WKDW�WKH�PDFURVFRSLFDOO\�REVHUYHG�µYLVFRVLW\¶�LQ�IDFW�UHIOHFWV�WKH�VKHDU�UDWH�GLVWULEXWLRQ�UDWKHU�WKDQ�VRPH�LQWULQVLF�YLVFRVLW\�RI�WKH�VDPSOH��7KH�PDFURVFRSLF�VKHDU�UDWH�FDOFXODWHG�IURP�WKH�UHODWLYH�YHORFLW\� �9 ��RI� WKH�VROLG�ERXQGDULHV�� LV� +9 J� ZKHUH� + LV� WKH�VDPSOH� WKLFNQHVV�� ,Q� WKH�FRQH�SODWH�JHRPHWU\��WKH�VWUHVV�LV�KRPRJHQHRXV��+RZHYHU�WKHUH�LV�DOZD\V�VRPH�VOLJKW�GHIRUPDWLRQ�RI�WKH�SHULSKHUDO�IUHH�VXUIDFH��ZKLFK�PD\�LQGXFH�D�VOLJKW�KHWHURJHQHLW\�RI�WKH�VWUHVV�GLVWULEXWLRQ��3UREDEO\�GXH� WR� WKHVH� VOLJKW� YDULDWLRQV� LQ� VWUHVV�� ZH� REVHUYH� WKDW� WKH� YLVFRVLW\� ELIXUFDWLRQ� FDQ� WDNH� SODFH�ZLWKLQ WKH�VDPSOH��:H�REVHUYH�WKDW�WKH�PDWHULDO�LV�VKHDUHG�DW�D�UDWH� �J� LQ�D�OD\HU�RI�WKLFNQHVV� +[DQG� DW� D� UDWH� �J� §��� LQ� D� OD\HU� RI� WKLFNQHVV� +��� [� ��7KLV� LV�D�SULRUL DOZD\V�SRVVLEOH�ZKHQ� WKH�DSSDUHQW�VKHDU�UDWH�LV�LPSRVHG�DW�WKH�ERXQGDU\��WKH�RQO\�FRQGLWLRQ�EHLQJ�WKDW� JJ[J[ ���  �� �� ��� ��
:H� UHFHQWO\� LQWURGXFHG� D�PRGHO� WKDW� DFFRXQWV� IRU� WKH� YLVFRVLW\� ELIXUFDWLRQ� >�@�� DQG� VKRZ�KHUH� WKDW� D� VLPSOH� PRGLILFDWLRQ� RI� WKLV� PRGHO� SURYLGHV� D� TXDOLWDWLYH� GHVFULSWLRQ� RI� WKH� UHVXOWV�REWDLQHG�KHUH�DOVR��$V�EHIRUH��ZH�DVVXPH�WKDW�WKH�µGHJUHH�RI�MDPPLQJ¶�FDQ�EH�GHVFULEHG�E\�D�VLQJOH�SDUDPHWHU� O ��)RU� WKH�FROORLGDO�JHO�FRQVLGHUHG�KHUH�� O FRXOG� IRU� LQVWDQFH�UHSUHVHQW� WKH�QXPEHU�RI�DWWDFKPHQWV� EHWZHHQ�SDUWLFOHV�SHU�XQLW�YROXPH��7KLV�PDNHV� LW� D�PHDVXUDEOH�TXDQWLW\�� WKH�<RXQJ
V�PRGXOXV�RI�JHOV�LV�RQ�WKH�RUGHU�RI�N%7�GLYLGHG�E\�WKH�QXPEHU�RI�FURVV�OLQNV�SHU�XQLW�YROXPH�>��@��7KH� QHZ� ±DQG� SK\VLFDOO\� LPSRUWDQW� LQJUHGLHQW� LV� WKDW� IRU� WKH� W\SH� RI� V\VWHP�ZH� FRQVLGHU� KHUH��ZKLFK�KDYH�D�YHU\�ODUJH�EXW�ILQLWH�YLVFRVLW\�LQ�WKH��VROLG��SKDVH��WKH�GHJUHH�RI�MDPPLQJ�KDV�D�ODUJH�EXW� ILQLWH�HTXLOLEULXP�YDOXH��:H�LPSOHPHQW� WKH�DJLQJ�E\�DVVXPLQJ�WKDW� LQ� WKH�DEVHQFH�RI�VKHDU��OUHOD[HV� WR� LWV� HTXLOLEULXP� YDOXH��OHT�� ZLWK� D� FKDUDFWHULVWLF� UHOD[DWLRQ� UDWH� 1/ W ��$V� EHIRUH� >�@��ZH�VXSSRVH� WKDW� WKH� UDWH� RI�GHFUHDVH� RI� O XQGHU� VKHDU� �WKH� VKHDU� UHMXYHQDWLRQ�� LV� SURSRUWLRQDO� WR� WKH�VKHDU�UDWH�J� ��VLQFH�WKH�QXPEHU�RI�HOHPHQWV�SXVKHG�RXW�RI�WKHLU�SRWHQWLDO�ZHOOV�LV�VLPSO\�SURSRUWLRQDO�WR� WKH� WRWDO� VWUDLQ� >�@�� W'v' JO � �� ,I� ZH� IXUWKHU� VXSSRVH� WKDW� WKH� WZR� SURFHVVHV� �DJLQJ� DQG� VKHDU�UHMXYHQDWLRQ� DUH�LQGHSHQGHQW��WKH�UDWH�RI�YDULDWLRQ�RI�O FDQ�EH�ZULWWHQ�DV��
GO�GW ��W �OHT� O���DJ� O ����
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ZKHUH D LV� D� PDWHULDO� SDUDPHWHU�� :H� IXUWKHU� DVVXPH�� DV� SUHYLRXVO\�� WKDW� WKH� YLVFRVLW\� RI� WKH�PDWHULDO�LV�D�VLPSOH��SRZHU�ODZ�IXQFWLRQ�RI�O �
K K����OQ� ���

,Q�VWHDG\�VWDWH��O  �OHT���DJ� W� VR�WKDW�WKH�VKHDU�VWUHVV�EHFRPHV��V�K�  � J� ���OHTQ����DJ� W �Q���)LJ���VKRZV� WKH� VKHDU� VWUHVV�VKHDU� UDWH� FXUYHV� SUHGLFWHG� E\� WKH� PRGHO�� LW� JLYHV� D� QHDUO\� 1HZWRQLDQ�EHKDYLRU� IRU� VPDOO� VKHDU� UDWHV�� ZLWK�V §� J� ���OHTQ��� )RU� KLJKHU� VKHDU� UDWHV� WKH� VWUHVV�VKHDU� UDWH�FXUYH�KDV�D�QHJDWLYH�VORSH�ZKHQ�Q�LV�VXIILFLHQWO\�ODUJH��$�VLPSOH�OLQHDU�VWDELOLW\�DQDO\VLV�>��@�VKRZV�WKDW� IORZV�DUH�QHFHVVDULO\�XQVWDEOH� LQ� WKH�UHJLRQV�ZLWK�D�QHJDWLYH�VORSH��7KLV�QHJDWLYH�VORSH�LV� WKH�KDOOPDUN� RI� D� VKHDU� EDQGLQJ� WUDQVLWLRQ�� IRU� ZKLFK� ORFDOL]DWLRQ� RI� WKH� VKHDU� LQ� SDUW� RI� WKH� VDPSOH�RFFXUV��:H� KDYH� VKRZQ� KHUH� WKDW� WKLV� VKHDU� EDQGLQJ� WDNHV� WKH� IRUP� RI� D� µSKDVH� FRH[LVWHQFH¶� LQ�ZKLFK�WKH�ZLGWK�RI�WKH�VKHDUHG�UHJLRQ�LQFUHDVHV�XSRQ�LQFUHDVLQJ�WKH�PDFURVRSLFDOO\�LPSRVHG�VKHDU�UDWH�� 7KH� XQVWDEOH� QHJDWLYH� VORSH� IRU� WKH� VKHDU� VWUHVV�VKHDU� UDWH� FXUYH� LQ� WKLV� UHJLRQ� LV� WKHQ� WKH�HTXLYDOHQW� RI� WKH� �YDQ� GHU� :DDOV�� ORRS� IRU� HTXLOLEULXP� V\VWHPV�� &RQVHTXHQWO\�� WKHUH� LV� D� FOHDU�WUDQVLWLRQ� EHWZHHQ� MDPPHG� DQG� IOXLG� V\VWHPV�� DW� WKH� HTXLYDOHQW� RI� D� FULWLFDO� SRLQW� LQ� WKH� SKDVH�GLDJUDP�� YS��� ��RI�VLPSOH�PDWWHU�DW�GLIIHUHQW�WHPSHUDWXUHV��+HUH�WKH�µFULWLFDO�SRLQW¶�LV�HQFRXQWHUHG�DV� D� IXQFWLRQ� RI� WKH� SRZHU� Q� ZKLFK� PHDVXUHV� WKH� UHODWLYH� ZHLJKW� RI� WKH� µEDFNJURXQG¶� VROYHQW�YLVFRVLW\� K� WR� WKH� QRQ�1HZWRQLDQ� HIIHFWV� GLVFXVVHG� KHUH�� ,W� WKHQ� IROORZV� QDWXUDOO\� WKDW� XSRQ�LQFUHDVLQJ� WKH� QRQ�1HZWRQLDQ� HIIHFWV� �L�H��� Q��� WKHVH� VWDUW� WR� GRPLQDWH� WKH� IORZ� EHKDYLRU�� 7KH�EHKDYLRU� RI� WKH� PRGHO� IRU� LQFUHDVLQJ� Q� �FI�� )LJ���� LV� DQDORJRXV� WR� WKDW� IRXQG H[SHULPHQWDOO\� LQ�)LJ���D�� IRU� LQFUHDVLQJ� GHQVLWLHV�� WKH� H[WHQW� RI� WKH� FRH[LVWHQFH� UHJLRQ� GHFUHDVHV� IRU� GHFUHDVLQJ� Q�YDOXHV� �IRU� D� IL[HG� YDOXH� RI� HTO �� DQG� GLVDSSHDUV� DW� WKH� FULWLFDO� SRLQW� FRUUHVSRQGLQJ� WR�
�������Q Q��HTQ��HTF �O�O �� � $OWKRXJK� SKHQRPHQRORJLFDO� LQ� QDWXUH�� WKLV� PRGHO� GRHV� ZHOO� LQ�UHSURGXFLQJ�WKH�H[SHULPHQWDO�REVHUYDWLRQV�� LW�VKRZV�LQ�DQ\�FDVH� WKDW�RQO\�PLQLPDO�LQJUHGLHQWV�DUH�QHFHVVDU\�WR�UHSURGXFH�WKH�
FULWLFDO�SRLQW
�WKDW�LV�REVHUYHG�LQ�WKH�H[SHULPHQWV�

,Q�FRQFOXVLRQ��WKH�HIIHFW�RI�VKHDU�RQ�MDPPHG�V\VWHPV�LV�OLNHO\ WR�EH�PRUH�FRPSOLFDWHG�WKDQ�ZDV�KLWKHUWR�DVVXPHG��0RGHOV�ERUURZHG�IURP�VWXGLHV�RI�WKH�JODVV�WUDQVLWLRQ�VKRZ�WKDW�DQ�H[WHUQDO�IRUFLQJ� OHDGV� WR�D�GHFUHDVH�RI�WKH�ORQJHVW�UHOD[DWLRQ�WLPH�WKDW�GHSHQGV�LQ�D�FRQWLQXRXV�ZD\�RQ�WKH�IRUFLQJ��$V�LW�LV�WKLV�UHOD[DWLRQ�WLPH�WKDW�GLYHUJHV�DW�WKH�JODVV�WUDQVLWLRQ��DQG�LWV�GLYHUJHQFH�LV�DOVR�EHOLHYHG�WR�OHDG�WR�MDPPLQJ���WKLV�VLPSO\�PHDQV�WKDW�WKH�PDLQ�HIIHFW�RI�WKH�IRUFLQJ�ZLOO�EH�WKDW�WKH�WUDQVLWLRQ� LV�GLVSODFHG� LQ� WKH�SKDVH�GLDJUDP�>�����@��:H�VKRZ�KHUH�KRZHYHU� WKDW� WKH�QDWXUH�RI� WKH�WUDQVLWLRQ� FKDQJHV��&RQWUDU\� WR�ZKDW� LV� IRXQG� IRU� WKH�JODVV� WUDQVLWLRQ��XQGHU� IRUFLQJ�D�FRH[LVWHQFH
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EHWZHHQ� MDPPHG�DQG�XQMDPPHG�PDWHULDO� LV�REVHUYHG��XQGHUOLQLQJ� WKH�GLVFRQWLQXRXV�QDWXUH�RI� WKH�WUDQVLWLRQ�EHWZHHQ�MDPPHG�DQG�XQMDPPHG�FRQILJXUDWLRQV��:H�KDYH�DOVR�VKRZQ�WKDW�WKH�REVHUYDWLRQ��RU�QRW��RI�FRH[LVWHQFH�GHSHQGV�RQ� WKH�SUHYLRXV� IORZ�KLVWRU\�RI� WKH�PDWHULDO� >�@��7KLV� LV� LQ� IDFW� D�YHU\� SHFXOLDU� REVHUYDWLRQ� VLQFH� LW� LPSOLHV� WKDW� WKH� V\VWHP� µUHPHPEHUV¶� LWV� HQWLUH� IORZ� KLVWRU\�LQGHILQLWHO\�� WKH�YLVFRVLW\� LQ�VWHDG\�VWDWH� LV� IRXQG� WR�EH�GLIIHUHQW� IRU� WKH�VDPH�V\VWHP�VXEMHFWHG�WR�WKH� VDPH� VWUHVV��7KLV� XQGHUOLQHV� WKDW� LI� D� JHQHUDOL]HG� 
SKDVH�GLDJUDP
� IRU� MDPPHG�V\VWHPV� FDQ�EH�FRQVWUXFWHG��WLPH�LV�SUREDEO\�DQ�LPSRUWDQW�YDULDEOH�WKDW�KDV�EHHQ�RYHUORRNHG�VR�IDU�
$FNQRZOHGJHPHQWV��:H�WKDQN�/XGRYLF�%HUWLHU�DQG�-RUJH�.XUFKDQ�IRU�KHOSIXO�GLVFXVVLRQV��/36�GH�
O
(16�LV�805������RI�WKH�&156�DVVRFLDWHG�ZLWK�WKH�XQLYHUVLWLHV�3DULV���DQG�3DULV���
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&DSWLRQV

)LJXUH� ��� 6KHDU� VWUHVV�VKHDU� UDWH� FXUYHV� GXULQJ LQFUHDVLQJ� VWUHVV� UDPSV� LPSRVHG� DIWHU� D� SUHVKHDU�� ��V��� GXULQJ� ��V�� IROORZHG� E\� D� FHUWDLQ� WLPH� RI� UHVW�� IRU� %HQWRQLWH� VXVSHQVLRQV� DW� GLIIHUHQW�GHQVLWLHV� �D�� �WLPH� RI� UHVW�� ��V�� RU� DIWHU� GLIIHUHQW� WLPHV� RI� UHVW� �E�� � ���� I ��� 7KH� GRWWHG� OLQHV�LQGLFDWH�WKH�SUREDEOH�SRVLWLRQ�RI�WKH��SKDVH��ERXQGDU\�
)LJXUH����05,�YHORFLW\�SURILOHV�IRU�D�%HQWRQLWH�VXVSHQVLRQ�� �� I ���KHLJKW�LQ�WKH�VDPSOH�DW����FP�IURP� WKH� FHQWHU� DV� D� IXQFWLRQ� RI� WKH� WDQJHQWLDO YHORFLW\�� GXULQJ� FRQH�DQG�SODWH� �DQJOH ����GLDPHWHU ��FP��UKHRPHWULFDO�WHVWV�DW�GLIIHUHQW�URWDWLRQ�YHORFLWLHV�RI�WKH�FRQH�
)LJXUH����'LPHQVLRQOHVV�VKHDU�VWUHVV�VDW�K�OHT DV�D�IXQFWLRQ�RI� LPSRVHG�GLPHQVLRQOHVV�VKHDU�UDWH

HT�ODWJ� IURP� WKH� SKHQRPHQRORJLFDO�PRGHO� JLYHQ� E\� (TV�� ���� DQG� ���� IRU� YDULRXV� YDOXHV� RI� WKH�H[SRQHQW� Q�� Q �������� �������� DQG� OHT ����� )RU� LPSRVHG� VWUHVV�� WKH� UDQJH� ZKHUH� WKH� VORSH� RI� WKH�VWUHVV�VKHDU�UHODWLRQ�LV�QHJDWLYH�ZLOO�EH�G\QDPLFDOO\�XQVWDEOH��$V�D�UHVXOW��WKH�UDQJH RI�VKHDU�ZKHUH�WKH�VORSH�LV�QHJDWLYH�PDUNV�WKH�UHJLRQ�ZKHUH�KRPRJHQHRXVO\�VKHDUHG�VROXWLRQV�FDQ�QRW�EH�REWDLQHG�H[SHULPHQWDOO\�IRU�LPSRVHG�VWUHVV�
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