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NON-LINEAR HYDRODYNAMIC FLUCTUATIONS
AROUND EQUILIBRIUM
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We formulate a scheme describing the fluctuations in a system obeying the non-linear
hydrodynamic equations. The random fluxes are assumed to be Gaussian processes with white
noise. It is shown that the usual expressions for the systematic parts of the dissipative fluxes are
consistent with this assumption, provided that the Onsager coefficients are constants. The linear
response of the system to a small external force field is studied and the relevant fluctuation—
dissipation theorems are derived.

1. Introduction

Linear fluctuation theory is well established and has been applied to
hydrodynamics with considerable success'). Within the framework of such a
linear theory, the hydrodynamic equations are fully linearized. Hydro-
dynamics, however, contains non-linear contributions from various sources.
On the one hand, there are all those non-linear contributions which are due to
the occurrence of reversible convective fluxes and also to the non-linear
functional dependence of the thermodynamic functions on the ther-
modynamic state parameters. On the other hand, even if one wishes to remain
within the domain of validity of non-equilibrium thermodynamics, in which
case dissipative fluxes are linear functions of the gradients of the hydro-
dynamic fields, there occur additional non-linearities due to the dependence of
the transport coefficients on the state variables, and to the presence of
dissipative quadratic source terms such as the Rayleigh dissipation function.

Several methods have been developed to take into account the hydro-
dynamic non-linearities within the framework of a hydrodynamic fluctua-
tion theory*. Thus the various approaches to what is generally known as

* For fluctuations around stationary non-equilibrium states it is customary to first linearise the
non-linear equations around the stationary state and then to perform a linear fluctuation analysis?).
Such a procedure has, for instance, been used to discuss fluctuations near the Bénard instability®)
and to discuss light-scattering in a stationary temperature gradient. A detailed discussion and an
extensive list of references of the latter problem, which has also been studied by other methods?),
can be found in ref. 5. It should be emphasized that in this paper we consider non-linear
fluctuations around equilibrium.
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mode-mode coupling®) have led to the introduction of the concept of renor-
malized transport coeflicient, and to the calculation of the long-time
behaviour, the long-time tails, exhibited by the hydrodynamic correlation
functions’). One aspect, however, within the context of the different mode-
mode coupling theories of the hydrodynamical equations, is that quite
generally not all non-linearities occurring in these equations are retained in
the analysis. For instance, the contribution of the Rayleigh dissipation term is
usually neglected®). It is not clear whether such a procedure is consistent, and,
in particular, whether the assumption which is usually made for the random
fluxes occurring in the truncated equations, namely that they are Gaussian
processes with white noise, is still compatible with the known equilibrium
distribution of the hydrodynamic variables.

It is the aim of this paper to formulate a scheme for the description of
hydrodynamic fluctuations around equilibrium, in which the non-linearities
are retained in a consistent way and in which the assumption is made that the
random fluxes are Gaussian processes with white noise. A preliminary version
of this work was discussed in ref. 9. In spirit, our discussion is analogous to
the one given by Enz and Turski'®) who, however, restricted their treatment to
the case in which temperature fluctuations do not occur, thereby omitting the
energy-equation completely.

In a previous paper''), hereafter to be referred to as paper I, we
developed a Hamiltonian formalism for the hydrodynamics of a one-component
fluid. We also discussed the statistical description of such a system and
derived the Liouville-equation for the density distribution in the “‘phase
space’ of the hydrodynamic fields. These statistical considerations shall now
be extended to a real fluid in which one has the dissipative phenomena of heat
conduction and viscous pressure.

In section 2 we summarize some of the results of paper I which we use in
our subsequent discussion. In section 3 we introduce the stochastic differen-
tial equations for the hydrodynamic fields. The random fluxes are assumed to
be Gaussian processes with white noise, while the form of the systematic
parts of the dissipative currents remains unspecified. On the basis of this
assumption we derive in section 4 the corresponding Fokker—Planck equation.
This derivation is performed in a well-defined way by a discretization of the
hydrodynamic fields. The Fokker—-Planck equation which is obtained reduces
to the Liouville-equation discussed in paper I in the continuum limit if the
dissipative terms are neglected.

The form of the systematic part of the dissipative currents compatible with
the known equilibrium distribution and with the assumption of Gaussian white
noise for the random currents is derived in section 5. It is found that they
have their usual form with the proviso that the Onsager coefficients (i.e. the
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viscosities divided by the temperature and the heat conductivity divided by the
temperature squared) do not depend on the fluctuating variables.

Finally, in section 6, we study the linear response to a small external force
density and establish the various fluctuation—dissipation theorems within the
framework of non-linear fluctuating hydrodynamics. The renormalization of
transport coefficients may be based on these equations.

2. Hamiltonian form of ideal fluid hydrodynamics

In this section we summarize some of the results of paper I, which will be
of use in our subsequent discussion of hydrodynamic fluctuations.

We will describe the state of a one-component fluid by the five physical
fields p, j and e, the mass-density, the momentum-density and the total
energy-density respectively. The internal energy per unit mass u is related to
e, by the relation e, = 3j%/p + pu. It is convenient to consider these five fields
as components ag of a five-dimensional vector a*,

=P, Q; '_—’j.' fori= 1,2, 3, Q4= €, (21)

As discussed in paper 1, Poisson-brackets for these fields may be defined
within the framework of a Hamiltonian formalism; these Poisson-brackets
have the usual property

{ai(r), aj(r)} = = {a;(r"), ai(r)}. 2.2

We now introduce a matrix L of which the elements coincide with the
Poisson-brackets {a;, o;} of the five fields (2.1). The elements of this matrix are
explicitly

Loo(r, r') ={ao(r), ar)} =0,

Lu(r, P) = {au(r), ()} = =3 [p(r)8(r = 1)

6r,~
Loi(r, r'y = {aor), alr)}= -V - [j(r)8(r—r],

Ly(r, ') = {au(r), a(r)} = — % Li(rs(r — )] +5"7 Lirsr—r)l,  2.3)

* Throughout this paper, Greek indices (8, y, etc.) run from 0 to 4, whereas Latin indices (i, j,
etc.) can run from 1 to 3 and designate Cartesian components of three-dimensional vectors.
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Lua(r, r') ={ai(r), air)} = =V - [o(r)ji(r)d(r — r")] ~ % [p(r)8(r — )]
a 12 R
+57;[ev(r )8(r—r")],
Lu(r, r)={aqr), adr)} ==V - [v(r)(e.(r) + p(r))&(r—r)]
+ V' - [o(r' e, (r) + p(r')d(r —r)].

In these equations p denotes the hydrostatic pressure and v denotes the
velocity, defined by v = j/p. The other elements of L can be obtained from the
symmetry-relation (cf. eq. (2.2))

Li(r,r')=—Ly(r'.r). 2.4)

Poisson-brackets for arbitrary functionals of the physical fields A({a}) and
B({a}) are then given by

adan. Bapi= 3 [ar [ar PAsp 0o 220 @)

where the functional derivatives §/8au(r) are defined in the standard way.
With these definitions, the hydrodynamic equations of motion for ideal flow
may be written in the compact form

Qﬂé = {ag, H}. (2.6)
The Hamiltonian H in this equation is equal to the total energy of the fluid,
H = [ dre(n). 2.7)

Since this equation implies that

SH

gaa—(r—) = dp4. 2.8)

one finds from eqs. (2.6), (2.5) and (2.3) the equations of motion

P _ _y. i (2.9)

Ao v.pj-Vp, (2.10)

de,

ot = -V - [v(e. + p)l. (2.11)

These are the equations of conservation of mass, momentum and energy for
an ideal fluid.
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3. Stochastic differential equations for hydrodynamic fluctuations
In a non-ideal one component fluid one has the following conservation laws

for the mass-density p(r,t), the momentum-density j(r,t) and the energy-
density e,(r, t)

w_ g

ki v-j 3.1
AV oj+p e+, 3.2)
%‘%=—V~[v(ev+p)+v'ﬂ+-’1- (33)

Here II(r,t) and J(r, t) are the symmetric viscous pressure tensor and heat
current respectively. In macroscopic hydrodynamics the viscous pressure
tensor and the heat current obey phenomenological laws which relate these
quantities to the hydrodynamic fields and their gradients'?) so that egs.
(3.1)-(3.3) form a complete set of deterministic equations. In the context of
fluctuation theory we shall consider these quantities to consist of systematic
parts IT* and J°, and random parts IT® and JF,

Im=1:+m~ (3.4

J=J"+JR (3.5)
The systematic viscous pressure tensor and heat current again obey
phenomenological laws but now in terms of the fluctuating hydrodynamic
fields. In order that the stochastic differential eqgs. (3.1)-(3.3) with (3.4) and
(3.5) may be solved, the stochastic properties of the random fluxes must be
specified. We shall assume the processes IT®(r, t) and JX(r, t) to be Gaussian
with zero mean,

nXr,t) =0,
JX(r, t)=0, (3.6)

and variances

Oi(r, OIO(r', t') = 2kLijd(r —r)8(t — t')

=2k [ L(&kS,-, + 8uy — % 5ij5k,) + L.,B;j'o‘k,]ﬁ(r — )8t~ t), 3.7)

%, IR, ) =0, (3.8)

TE(r, OT(r', 1) = 2kLo8y8(r — r')8(t — t'). 3.9)
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In these equations averages denoted by a bar are taken over an ensemble of
systems with the same initial conditions for the hydrodynamic fields. Egs.
(3.7) and (3.9) express the fact that the correlations of the random fluxes are
local in time (white noise) and space. Due to isotropy, the strength of these
correlations (which, for convenience, is expressed as a multiple of 2k, where k
is Boltzmann’s constant) is completely determined by three scalar quantities
L, L, and L, which may still depend on the equilibrium temperature T, and
the equilibrium density po of the system.

Equations of the form (3.1)-(3.9) were first proposed by Landau and
Lifshitz'®), in combination with the phenomenological laws

= -29% - .V -0, (3.10)

where m, n., and A are the viscosity, the volume viscosity and the heat
conductivity respectively and where " denotes the symmetric traceless part
of a tensor. It is in their completely linearized version that eqs. (3.1)—(3.3) with
eqs. (3.4)-(3.11) are usually referred to as the Landau-Lifshitz hydrodynamic
equations. In this case it turns out that they form a consistent set of equations
in the sense that all moments of the hydrodynamic fields, calculated in the
fully linearized scheme, approach for long times their equilibrium values, pro-
vided that the following identification is made:

L=mnTo, L,=mnTy Lg=ATs (3.12)

The relations (3.12) represent the fluctuation—dissipation theorem in the fully
linearized case.

It is our aim. to investigate under what conditions, or, more precisely, for
which form of the phenomenological laws for the systematic currents IT® and
J*, the nonlinear eqs. (3.1)=(3.3) are consistent with the assumptions (3.4)~-
(3.9), and the assumption of the Gaussian character of the random fluxes. To
this end we shall in the next section derive the Fokker—Planck equation which
is equivalent to our set of stochastic equations.

4. The Fokker-Planck equation

When considering the stochastic differential eqs. (3.1)-(3.3) together with
eqs. (3.4)-(3.9), the problem arises whether these should be interpreted in the
Stratonovich or Ité sense'), due to the presence of the term v - IR in eq. (3.3). It
is well known that it is possible, if these equations are interpreted in the
Stratonovich sense, to derive the corresponding It equations and vice
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versa'). In appendix A we show, using the discretization rules introduced in
paper 1, that the It6 and Stratonovich equations are in this case identical, so
that either of the interpretations may be used. We shall adopt here the
Stratonovich interpretation, so that the usual rules of differential and integral
calculus may be used.

We now turn to the derivation of the Fokker-Planck equation. In view of
the difficulties encountered when writing down a conservation equation for
the density distribution in the phase-space of physical fields (see paper I,
where this is done in order to obtain the Liouville equation), it is necessary
for such a derivation to discretize the system in coordinate space so that the
phase-space becomes of finite dimensionality. As in paper I, we divide the
fluid into small cubic cells of size A>. We denote the position of a cell by
r = nA, where n is a vector of which the components are integer numbers. In
each cell the state is characterized by the five hydrodynamic variables p,, j,
and e,,, the specific quantities in each cell, which in the limit of vanishing
cell-size correspond to the previously defined hydrodynamic fields. These
discrete hydrodynamic variables, will obey the discrete analogues of the
stochastic hydrodynamic egs. (2.1)-(2.5), viz.

B g .

ot = Vn Ins (41)
din .
FTin =~V * (Vnjn + pa + I1,), 4.2)
aeun
Tt’_ = _‘vn * [vn(ev,n + pn) + Up * Hn + Jn], (43)
m, =1+ v, 4.4
Jo=Ji+Jh (4.5)

Here II, and J, are the discrete viscous pressure tensor and heat current
respectively, and the discrete gradient operator V, is defined as (cf. paper I,
eq. (4.6))

3 0.
Ve =3 S [Avy = Aual, (4.6)

where the é;’s are unit vectors along the Cartesian axes.

In agreement with our previous assumption for the continuous stochastic
fields IT®(r, t) and J®(r, t), we assume that also the processes IT’(t) and J®(t)
are Gaussian with zero mean,

My =0, Ji)=0, CH))
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and have as variances the discrete analogues of eqgs. (3.7)—(3.9),
RL(OITR A1) = 2k LA 28,,8(t — t"), (4.8)
LI T(E) =0, 4.9
TROTTA) = 2kL 8,4 *8,,6(t ~ 1. (4.10)

With the aid of the notation (2.1) the five eqgs. (4.1)-(4.3) together with egs.

(4.4) and (4.5) can be written in the compact form

d n irr rev S
% = U B + B + E E Mﬁyﬁ.nn’fyﬁ,n’* (B =0.1,2,3, 4) (4 Y

n y5=0

rev irr

In eq. (4.11) the quantities Fi; and Fj, denote the reversible and irreversible
parts of the rates of change of the quantities ag, respectively:

FEn=-Vo ju Fi'==(, 0udatVpa)is Fin=-Ya-{(eca+pava}s
4.12)

Fi,=0, Fii=-(",-I), Fi,=-V,{I v.+J3} (4.13)
while the quantities Mgys .. and the random forces fa,, may be identified as

Mogyan=Mgoynn = Mayonw = Misgan = Mpyann = 0,

M pn = = 8V nOnn's

Myjcan = = Uk w'Vj nOun's 4.14)

Mginn = — VinOpn

fo;s... = fﬁ(),n = f44... = f.'4,,. =0,
fin =3, (4.15)
F4i,n = J Fn

The properties of the random forces fy,. follow from the identification (4.15).
They are therefore Gaussian and have variances which follow from egs.
(4.7)-(4.9),

Forn(D)fsendt’) = 2A gysenn8(t — 1), (4.16)
where

Ajiaon = KL il 8wy 4.17)

At = KLoByd 8. (4.18)

The other components of A are all zero.
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For the distribution function P({a,}, t) one may now derive the Fokker—
Planck equation corresponding to the Stratonovich differential equation (4.11)
in a standard way"). One obtains the equation

aP({an} t) 2 2 aaB [ rev _ F

+ z MB‘yB nn’ MB 'y'8'.n"n" Ayﬁy’&',n’n”’] P({an}’ t) (419)

n n 7
5

If one takes the dissipative terms, i.e. F'™ and A, equal to zero, this equation

reduces to eq. (4.7) of paper I, which, as was discussed, yields the Liouville

equation in the continuum limit. It may be verified (cf. also appendix A), using

the explicit elements Mgys., and the definition (4.10), that

oM nn'
2.2 (—a—;‘iﬁ’i-) My sia* Asoysns = 0. 4.20)
n" y;?’

The Fokker—Planck equation (4.19) may therefore also be written as

9P e}, -3 o [ Fn-FR+3 3 5 Do ] Plas} 1),

(4.21)
where the matrix of diffusion coefficients is given by
DBB’,nn' = ’Zm z& Mﬁy&,nn"MB’y'S’,n'n”’A‘yﬁ'y’S’,n"n’"- (4‘22)
n'n" v

v'&

With the aid of eqs. (4.14) and (4.18), one finds the explicit expressions

D()B,nn’ = DBO,nn' = 0’ (423)
Dii,ml' = Dji,n’n = kA -3 (Luvn * vu’ann’ + <Lv + % L)vnvn’ann'> ) (424)
ij
Di4,nn’ = D4i,n’n =kaA #3(2Lvn * cn’vu’ Spw Luvnvn’ . Vn’ann')i, (425)
Digw = kALY, + VB + 2kA LY ,0,: V00 8pn + kKA Lo(V,, - 0,)
X (vn’ * Un)Bun (426)

Here U denotes the unit tensor, while the gradient operators act on everything
behind them.

The form (4.21) of the Fokker-Planck equation would also have been
obtained if the equations (4.11) had been interpreted as stochastic differential
equations in the Itd sense™). This in fact would suffice to conclude that, if
(4.11) is interpreted as a Stratonovich equation, the corresponding It6 equa-
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tion is unmodified and vice versa, as was already mentioned at the beginning
of this section. The conclusion therefore is that eq. (4.11) leads to unam-
biguous results, independent of its interpretation either in the Ité or Stra-
tonovich sense. We stress, however, that stochastic equations for functions of
the variables p, j and e, as e.g. the entropy or the temperature*, do not
necessarily get the same form on the basis of the two interpretations of eq.
(4.11), although their physical content remains of course the same.

We finally note that the Fokker—Planck equation (4.19) may also be written
in the form

3P({an} t) _ 2 E [ 3

n B.n

B
““(737( £t 3 S Dapaw o) | Pl 1) “.27)

Here use has been made of the fact that (cf. also eq. (4.8) of paper I)

aFTeV
g2 Bn
Z . (4.28)

and that

2 Do (4.29)
7 0apg.
These equations immediately follow from eqs. (4.12) and (4.23)—(4.26),
together with the definition (4.6) of the discrete gradient operator.

5. The form of the dissipative currents

Until now we have left the form of the viscous pressure tensor and the heat
current undetermined and have only assumed that they are functions of the
hydrodynamic variables. We shall now determine the form of these currents
compatible with our assumption that the random currents are Gaussian
processes with white noise. It is on the basis of this assumption that we were
able to derive in the last section a Fokker-Planck equation for the distribution
function P({a,},t) of the hydrodynamic variables. For these variables the
property of microscopic reversibility holds'?). This implies that the fun-
damental solution of the Fokker-Planck equation P({a.}, t [{a ), which
gives the conditional probability density that the system is in the state {a,} at

* In this connection, and also in relation to remarks made by Fox'®), we discuss in appendix B the
equation for the temperature.
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time ¢ if it is initially in the state {a}} at time zero, must satisfy the property

P({a}, t [{a)P(am) = P}, t|{@DHP(a.). 5.9

Here égn = €gapa, Where €5 = 1 if ag, is even under time reversal and ez = —1
if ag, is odd under time reversal, so that (cf. eq. (2.1)) @on = ap, and
@in = —Qip aNd G4p = agp

From property (5.1) and the Fokker-Planck equation (4.27) the following
set of conditions may be derived:

2 F;;; =0 (5.2
a apn

for the equilibrium distribution, which is eq. (1.4.9) for the ideal fluid if P* is
inserted, and

eq
5= 5 S Dapraw . (5.3)
ag.w

These are the so-called potential conditions'®) as applied to the case
considered here, in which egs. (4.28) and (4.29) hold*.

We will analyse eqs. (5.2) and (5.3) in the continuum limit, in which the
discretized variables become fields again. In this limit, we have e.g.

llm Fgn=lim-V,-j,=-V. j(r) ={ao(r), H}. 5.9
4-0

Here, use has been made of eq. (4.12) and of the Poisson-bracket expressions
defined in the first section (cf. egs. (2.6) and (2.9)). Analogously, one finds for
the other components of Fi,

lim Fg, = {ap(r), H}. (5.9)
A-0
With the aid of this result, eq. (5.2) becomes in the continuum limit

rev 9P ({a..}) f 3P“({a(r)})
umzz Ff, 72 2 dr{ag(r), H} e
={P“({a(r)}), H} =0, (5.6)
provided that P“i({a,}) converges to a proper functional P*({a(r)}). This
equation expresses the fact that P should be a stationary solution of the
Liouville-equation. As discussed in paper I, the Einstein distribution,

Peq({a(r)}) — es({a(r)))lk’ (57)

* In the derivation of eqgs. (5.2) and (5.3) use is made of the fact that F§'({a)) = —eF5'({a})
(cf. eq. (4.12)) and of the property F¥({a}) = &sF F({a)).
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where S is the total entropy, defined by

Sa(nh = [ drs.r), (5.8)
is indeed a stationary solution. Similarly, the equilibrium distribution for a
fluid in thermal contact with a heat bath at temperature T,

Peq({a(r)}) —~ e‘(HfTUS)/kTO’ (5.9

and the equilibrium distribution for a fluid which can in addition exchange
mass with a reservoir with chemical potential u,

Peq({a(r)}) —_ ef(H—Tos-qu)/kTo’ (5.10)

where M is the total mass of the fluid,
M Efdrp(r), G.1D

satisfy eq. (5.6).
We now turn to the evaluation of eq. (5.3). In the continuum limit this equation
becomes

iy , » 8 In P({a(r)})
Fi(r) = 53‘, fdr Dgg(r, ’)——Hsaﬂy(r') , (5.12)

where we have defined

Fi(r)=lim Fig,, (5.13)
a4-0

DBB'(", r') = 14123 DBB'J""' (514)
In view of the definitions (4.13), we obtain for F§(r)

F{(r)=0, F'(r)=-V-II'), F{=-V.[II’-v+J°], (5.15)
and, from eqs. (4.23)-(4.26), for the elements of Dgg(r, r’)

Dog(r, r') = Dgo(r, r') =0, (5.16)

Dy(r, r) = k (LUY - V'a(r = ) + (L + 3L) VY1) (5.17)

ij

Di(r, r)=Dyu(r', r)=kQRLV - Vo(r'Yo(r —r)+ L,V - 0(r')d(r — r")),
(5.18)

Du(r, ¥y =kL,V -V'8(r — ')+ 2kLVo(r): Vo (r)s(r — r")
+ kL, (V-o(r)V - o(r)d(r—r"). (5.19)
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One immediately sees that eq. (5.12) is trivially fulfilled for 8 = 0. In order to
evaluate this equation for other values of B, we also need the functional
derivatives of the logarithm of the equilibrium distribution. For the case of a
fluid which is materially and energetically isolated, to which the equilibrium
distribution (5.7) applies, these are

SInPY_ , ,v(r) 8lnP®_, . 1
bar) - K TGy adn) K Ty (5.20)
Substitution of egs. (5.15)—(5.20) into eq. (5.12) yields
irT, — . s, L= vv(")
Fi(r) = — (V - II°(r)); (2LV o - )) (5.21)
Fi'(r)= -V - (T%r) - v(r) + J(r)
N O Vo) V-u(n)
LV LY (T(r) v(r)>+L,,V ( Ty o )) (5.22)
Eqgs. (5.21) and (5.22) lead to the identification
sy _np Vo(r) V-o(r)
II*(r)=-2L T(r) LU T() (5.23)
Ji(r)= T( ) TTLVT(r) (5.29)

We have thus shown that the only expressions for the phenomenological laws
compatible with the assumptions of Gaussian white noise for the random
currents are those given by eqgs. (5.23) and (5.24). These laws have the usual
form of the phenomenological laws') in the sense that the dissipative currents
are linear in the gradients of the state variables. It is, however, important to
realize that in these expressions the Onsager coefficients L, L, and L, may
only depend on the equilibrium quantities pp and T, and not on the fluctuating
fields. As a consequence, the shear viscosity n and the bulk viscosity 7,
which are given by

L L,

"=Tey T Tay (5.25)

are within the present scheme proportional to the inverse of the temperature,
while the heat conductivity A, given by
A =S (5.26)
T4r)
is proportional to T7% In a real system, such temperature dependences of the
transport coefficients do not occur. This implies that the assumption of
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Gaussian white noise is, strictly speaking, not compatible with the physical
phenomenological laws. The present scheme nevertheless is approximately
valid if the temperature fluctuations may be considered to be sufficiently small
so that the dissipative currents (5.23) and (5.24) can be linearized completely
in the fluctuating fields*.

In the above analysis, use has been made of the Einstein formula (5.7) for
the equilibrium distribution function. One easily checks however, that sub-
stitution of the equilibrium distributions (5.9) and (5.10) into eq. (5.12) leads to
the same conclusions.

Even though our final results have been derived in the continuum limit, we
emphasize the necessity of the discretization procedure for intermediate
calculations. This is illustrated by the fact that, if one would immediately go
over to the continuum limit in the Fokker-Planck equation (4.27), one of the
terms arising would read

, 8Dy (r, 1) 5P
> d'f I Sas(r) o, (r) (5.27)

The interpretation of the functional derivative

8Dg,(r, r') (5.28)
Sag(r)

in this expression is not clear, however, due to the delta-function 8(r— r’) in
Dg,(r, r') (cf. egs. (5.16)-(5.19)). This ambiguity has been avoided by the
discretization procedure. For a more elaborate discussion of the discretization
rules, especially in relation with the proper choice of variables, we refer to
paper I. In this connection it may be noted that the difficulties encountered in
a Fokker-Planck equation for fields are related to the well-known fact that
equilibrium mean square fluctuations of state variables of a volume element
are inversely proportional to the size of the volume element. In the continuum
limit, such quantities diverge.

We finally ‘remark that the quadratic term IT - v, occurring in the energy-
equation, has given rise to controversy. It has been argued") that this term,
which plays an essential role in our analysis, is the origin of an inherent
inconsistency of non-linear fluctuation theory. In appendix B we show,
however, that this criticism is based on an erroneous argument.

* In fact, according to egs. (5.25) and (5.26), the transport coefficients must also be considered
to be independent of the fluctuating density and to be only functions of po. Again this will in
general only be legitimate in as far as density fluctuations are sufficiently smail.
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6. The linear response to an external force

In this section we will study the linear response to a (small) external force
density. In the presence of an external potential V(r,t), the hydrodynamic
equations (3.1)—~(3.3) become

ap _

oy , (6.1)
3j ,

§=—V-[vj+p+ﬂ]—pVV, (6.2)
% -V [o(e.+p)+o -+ J1-j-VV, ©.3)

where, as before, e, is the total energy density in the absence of the force, i.e.
€, = lljz/p + Uy

We will analyse, along the lines of ref. 17, the linear response of the system
to this potential using the Fokker—-Planck equation equivalent with the above
equations. As was discussed in the preceding sections, the Fokker-Planck
equation should in principle be derived starting from a set of discretized
equations. For conciseness, we will in this section not explicitly perform this
program, but write the equations in a continuum-notation throughout. One
may easily verify, however, that a more careful analysis, based on the
discretization rules, leads to the same results.

As the terms in egs. (6.2) and (6.3) arising from the external potential are of
a purely mechanical nature, they already appear in the equations of motion of
the ideal fluid. In the presence of the potential, the Hamiltonian H is given by

H(t) = Ho+ Hy(1), (6.4)
with

Hy= j dre.(r), Hi(t)= f drp(r)V(r, 1). 6.5)
The equations of motion (6.1)-(6.3) for the ideal fluid (i.e. IT =0, J =0) may

with the aid of this Hamiltonian be written as

__3“2:’ D _ fa(r, 1), H(t)} = {a(r, 1), Ho} + {a(r, £), H()}. (6.6)

This may be verified, using the fact that

6Ho S8H,

m= 84> m= V(r, t)8g0, 6.7)
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so that eq. (6.6) becomes
dag(r, t) ,
—E—— dr'Lg(r, r') + | dr'Lgo(r, r)V(r', 1). (6.8)

Upon substitution of the explicit expressions (2.3) for the elements Lg, and
Lgo the ideal fluid equations immediately follow.
The Liouville equation now becomes*

ﬂ‘!ﬁM {H(@), P}=LoP + L,(t)P,

fdrfdr Z [Lag(r, r)+ V(r, t)Log(r, r)] —— (6.9)

da ( y
where L, is the Liouville-operator in the absence of the external force and
i ,(t) the contribution to the total Liouville operator due to the external force,

LoP = {H(), P}, [Ll(t)P = {H](t), P} (6. 10)

The definition of the Poisson brackets given in paper I, eq. (I. 3.23), im-
mediately implies that {H(t), S} = 0. Consequently

(Lo+Ly(t)) e HOTToITo = (H (1), e HOToWT} — , (6.11)

For V =0, this equation reduces to eq. (5.6) for the equilibrium distribution
(5.9). By expanding eq. (6.11) up to linear order in V, one obtains

!L,(t)P"“=k—1-T0!LO(f drp(r)V(r, t)P“’“) :k—lTofdrv-j(r)V(r, HPS. (6.12)

Here P is the equilibrium distribution of the system in the absence of the
external potential, which satisfies 1 (P = 0.

We now return to the general case of a fluid with dissipation in the presence
of an external potential. Instead of the Liouville equation (6.9), we then find
for the evolution of the probability distribution a Fokker-Planck equation.
Along similar lines as in the previous section one may show, on the basis of
the fact that the correlation functions of the random currents are not modified
by the external force, that the Fokker-Planck equation becomes

IP({a(r)} t)
at

where M may formally be defined as

& . 5 5
- Sapr) [ F 'S 2 Dgg(r, r') =——r. (6.14
fdr}l; Sap(r) Fg (r)+fdrfdr BZW 5s(r) Dgg(r, ") 5 () (6.14)

* Again the incompressibility of the flow in phase space is easily checked using the dis-
cretization rules.

=(Lo+ Li(t) + MP{a(r)}, t), (6.13)
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A more precise definition of M should be given in the context of the discrete
formulation, cf. section 4, in particular eq. (4.27).
If we write P as

P({a(r)}, ) = P<({a(r)) + P'{a(n)} 1), (6.15)

where P! is the deviation from P, one obtains from eq. (6.13) up to linear
order in the external potential
apP! t
8P (atDh ) - g+ 1P G}, 6+ L(OP(a(r)D. (6.16

We will assume that V(r, t)—>0 for t - — and that the system was initially in
equilibrium. With the aid of eq. (6.12) the formal solution of eq. (6.16) can
then be written as

P} 0 =g [ dt' [ dr expio+ Myt =M - )

X V(r, )P ({a(r)}). (6.17)

From this equation one easily calculates the average linear response to the
perturbation. The average (a(r, t)) is defined by

(ar, ) = lim [ T deseaP G}, 1)

= [] dtatriaIPatr), 0 (6.18)
and the equilibrium correlation functions (afr t) ol ¥, 0) }, by
(a(r, )a(r', 0))e = H d{a(r)}ﬂd{a'(r)}a(r)a'(r')P({a(r)}, t |{a’(r)})

X P ({a'(r)}), (6.19)

where, as before, P({a(r)},t | {a'(r)}) is the fundamental solution of the
Fokker-Planck equation in the absence of the potential.
From eq. (6.17), we obtain for

Adp(r, 1)) = (p(r, 1)) = {p(r, t))eqs
Ap(r, 1)) = E}T_o j dr’ f dr'[H d{a(r)}p(r) exp{(Lo+ M)t — t)}

XV i(r’)P“‘({a(r)})] v, t). (6.20)
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To proceed, we note that
P{a(n}, 0] {a'(nh = lAiglo [T8(a — @) =8(a(r)} - {a'(n)}. (6.21)

With the aid of this initial condition, we may rewrite the term between square
brackets in eq. (6.20), viz.

[] dtatrto(r) expito+ 196~ OFF - jr)P(larih
= [] diatrnt [] dte o) expito+ 1t =19 e

x P({a(r)}, 0 | {e'(PHP(a'(r)})
= ﬂ d{a(r)) ﬂ d{a'(Np(r)V - j'(rYPal(r)} t— 1’

{a’(r)})

X P(a’(r)})
= (p(r, OV - j(r', t Neq. (6.22)

In the above, use was made of the definition (6.19) of equilibrium correlation
functions and of the fact that the fundamental solution of the Fokker—Planck
equation in the V = 0 case is formally given by

P({a(r)}, t [{a'(r)}) = exp{(Lo+ Mt}P{a(r)}, 0| {a'(r)}). (6.23)
Substitution of eq. (6.22) into eq. (6.20) yields

Alpr, t)>:kLT0 f dt’jdr’(p(r,t)V’-j(r’,t'))qu(r’,t’)

- f dt'fdr’c,,,-(r- PoE— 1) K(r ), (6.24)

Here K(r,t)=-VV(r,t) is the force per unit mass due to the external
potential, and G,; a Green’s function defined by

G, (r—r',t—t)= EI—TO {p(r, Dj(r', 1N O — t'). (6.25)

In this definition, @(t — t') is the Heavyside step function.
One similarly obtains

A((r, t)y = f dt’fdr’G,j(r —r,t—t)-K(',t), (6.26)
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and
400
Ale,(r, t)) = f dt’ f dr'G,(r—r',t—t") - K(r', t'), (6.27)
with
! l : - ' 4 ’
Gl'i(r - rl’ t—t)= ——<J(r’ t)](r ,t ))eq@(t —t ) (628)
kT,
and
G,i(r—r,t—-t)= 1 (e,(r, 1)j(r', t")e Ot —1"). (6.29)
kT,

Expressions (6.24)-(6.29) represent the fluctuation dissipation theorem for the
present case. The equilibrium correlation functions occurring in these
theorems and giving the linear response to the external force, should be
calculated using the nonlinear equations describing the equilibrium fluctua-
tions of the fluid. These non-linear terms in the equations of motion lead to
the so-called mode-mode coupling contributions to the above correlation
functions. One obtains in that way within the framework of a hydrodynamic
fluctuation theory on the one hand the long time tails of these functions and
on the other hand the mode-mode coupling expressions for the renormalized
transport coefficients which are of special interest in particular near the
critical point.

We finally note that Ma'®) derived a fluctuation-dissipation theorem similar
to those given above for a somewhat more simple system obeying a non-linear
stochastic differential equation using a graph-theoretical procedure.

Appendix A

In this appendix we show that the discretized hydrodynamic eqs. (4.1)—(4.5)
may either be interpreted in the It or in the Stratonovich sense. As discussed
e.g. by Arnold'), the Stratonovich equations

®) G=F+3 My, (A1)

where F, and M; depend on the a; and where f; is a random force witht
correlations

FOf ) = 2A,8(t — 1), (A2)
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is equivalent to the Itd equation

(I %%—F+Z< )Mk,A,,+ZMJ, (A.3)

Generalization to the case considered in this paper shows that the discretized
Stratonovich stochastic hydrodynamic equations written in the form (4.11),

a n TCV lrl’
(8) he=Fy +3 S Mysafine (A4)

n y5=0

are equivalent with the Ito equations

a n rev lrl'
() ZEt— Fii+ Fi+ 2 Z Moss.nnfyim

at n y5=0
3M nn
+X 3 ( ) M Ay (A.5)
"na’ «75 Bn
Hence, if
aM OV gys,nn’
>3 e ) M swneAsaysmar =0, (A.6)
'ln ’)’ .n
n” '8
it

the Itdo and Stratonovich equations are identical*.

To show that eq. (A.6) is indeed obeyed, we notice that the only elements
of Mg, which depend on the variables are the elements My, (cf. egs.
(4.14)). Therefore, eq. (A.6) is trivially fulfilled for 8 =0, 1,2, 3. For 8 = 4 one
gets, using eqs. (4.14) and (4.17),

Z E (6M4 8nn> Mﬁ’y‘&',n""'"/‘787’8""”"”’

n'n" yd aaB
n" y'8
_k IMasinn
= Zj’ "E" o ( aji,n' ) Mlmp n"n”’Lklmp8n’n”’
n" mp
k 1
= ~—3 Z Zl 6ip8ilLklmp ;_ (Vk,nsnn')(Vm,n”6n”n”')8u’n"8n'n”'
n M n
=0. (A.7)

The last step follows immediately from the fact that

(Vm.n"an”n’”)‘sn’n”an'n’" = Oa (A8)

* The equivalence of the Ité and Stratonovich equations may of course also be established via
the Fokker—Planck equation, cf. eq. (4.20) and the discussion after eq. (4.26).
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since the term between brackets is only non-zero if n"” = n" % é,, while the
two other Kronecker delta’s are only non-zero if n” = n". Eq. (A.7) together
with (A.6) establishes the equivalence of the It6 and Stratonovich equations in
our case.

Appendix B

In this appendix, we analyse the equations which led Fox to conclude that
an ‘“‘approach [similar to the one presented in this paper] to non-linear
hydrodynamic fluctuations should be doubted and perhaps discarded”™).

Consider the equation for the fluctuating temperature of the fluid

QI— — _al . 4y — s, — R, _ DTS — . JR
pe. G = T(aT)pV o—II*:Vo—II*:Vo -V - J° =V - JX. (B.1)
Here c, is the specific heat at constant volume of the fluid, and d/dt is the
total time derivative, defined by

d 9

$_diow (B.2)

Upon linearization of eq. (B.1) one should, according to Fox, retain the term
ITR: Vv since, even though it is bilinear in IT® and v, it is linear in v, whereas
the term II°: Vo should be neglected since IT* is of the order of v, so that the
whole term is of the order of v The author then proceeds to show that

(ITR: Vo)eq = o, (B.3)

on the basis of which result he concludes that the theory is inconsistent. In
the above formula (...)., denotes an average over an equilibrium ensemble.

The above argument is however incorrect. Indeed, the total pressure tensor
is a macroscopic variable which is even under time reversal (i.e. even in the
velocities of the constitutive particles in a molecular description). This fol-
lows from the fact that this quantity is defined through the momentum
conservation equation (3.2). As a consequence its equal time correlation
function with the velocity (gradient), which is odd in the particle velocities,
vanishes (see e.g. ref. 12). Therefore, using the decomposition of II into IT°
and IT® given by eq. (3.4), one has

(II(r, £): Vo(r, t))eq = HI(r, 1) :Vo(r, t))eq+ (TTR(r, 1) : Vo(r, t))es = 0. (B.4)

Eq. (B.4) states that in equilibrium there is no heat production on the
average. Since it follows from the phenomenological laws that

II*(r, t):Vo(r, t) <0, (B.5)
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one finds by combining eqs. (B.4) and (B.5)
(ITR(r, t):Vo(r, t))eg > 0. (B.6)

This inequality shows that the average temperature will decrease, if we
neglect the term IT®:Vv in eq. (B.1) while retaining the term IT®:Vp. The
above equations also show that the so-called “bilinear term” II®: Vv is on the
average of the same order of magnitude as the “quadratic term” IT*:Vp and
that is inconsistent to retain one and neglect the other.

In passing we remark that eq. (B.1) is only correct if interpreted as a
Stratonovich equation, since in the derivation of eq. (B.1) from egs. (3.1)-(3.3)
the usual rules for the transformation of variables have been applied to the
stochastic equations. These rules, however, do not apply to Ité equations. The
inconsistency of eq. (B.1) as an It6 equation is already apparent from the fact
that in It6 calculus

Ito: (IR(r, 1): Vo(r, t))e =0, (B.7)

which is in contradiction with eq. (B.4).

We also note that expressions like (IT®(r, t): Vo(r', t’)) are discontinuous at
t =t'. In view of the Stratonovich interpretation needed here, the equal time
correlation (ITR(r, t): Vo (r, t)) appearing in eq. (B.4) is defined by

(IR(r, 1):Vo(r, 1)) =lim KIT®(r, t + €):Volr, 1)) + 5(IT%(r, t — €): Vo(r, t)).
‘ (B.8)

We shail now verify by a direct calculation that eq. (B.4) also follows
without the explicit use of the more elegant argument of time-reversal
symmetry. This is done for the following set of equations

Vov=0, (B.9)
po‘;—‘t’z-vp—v-m—v-n“, (B.10)
pgcw%=—V-JS~V-JR—H“:V0—HR:VU, (B.11)

where J*® and II’' now obey the linearized phenomenological laws (3.10) and
(3.11), and where the correlations of II* and J® are given by egs. (3.6)—(3.9),
together with eq. (3.12). From here on, equilibrium quantities are indicated by
a subscript 0. Apart from the term II*:Vy, eqs. (B.9)-(B.11) are the equations
considered by Fox, specialized to the case of an incompressible fluid.

We define the Fourter transform of a function f(r, t) by

+oe +

fk, w) = f dr j dt e Tt 1), (B.12)

—x
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After substitution of eq. (3.11) into eq. (B.10) and Fourier-transformation, we
obtain for the velocity fluctuations generated by the random stress tensor in
an aged system

— 1 1 . R . —
v(k’w)—mlk II (k,w) (U kk/kz), (B.13)

where use has been made of the fact that k - v(k, ) =0. The equilibrium-
correlations of M*(k, ») are given by

(ITR(k, @)TR(K', ©"))eq = 2kLijy2)*8(k + k)8(w + o). (B.14)

This equation follows from eq. (3.7) for an aged system in which the initial
conditions for the hydrodynamic fields have been removed to time ty— —x,
With the aid of these equations, one finds

dk dk’' dw do’
Q@n)

e —i(k+k") - r+i(w+o)t

(II%(r, t):Vo(r, t)) =29 (kv(k, w):k'v(k; ©))eq

X

__(dkdo 4kTon’k*
Q2m)* o’pi+nk*

(B.15)

and

dk dw 4kTomk? _ dk do 4kTon%k*
Qm)? —iwpo + ’nk7 Q27 w pat k*

(IIR(r, 1) :Vo(r, t))eg = (B.16)

Comparison of eqs. (B.15) and (B.16) shows indeed that eq. (B.4) is obeyed
even though the integrals are divergent if no wave-vector cut-off, necessary to
tame divergencies inherent to a continuum description, is introduced.
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